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PIECEWISE CUBIC INTERPOLATION METHODS

F.N. Fritsch, R.E. Carlson]

November 1978

ABSTRACT

This paper deals with interpolation of one-dimensional data using
piecewise cubic interpolants. Methods are presented for modifying
the derivative values in the Hermite representation in order to
eliminate the "bumps” and "wiggles" that frequently plague the more
common cubic spline or Akima interpolants. The resulting interpolant

is C], but generally not Cz.

Ipresent address: Grove City College, Grove City, PA 16127
*Work performed under the auspices of the U.S. Department of Energy by the
Lawrence Livermore Laboratory under contract number W-7405-ENG-48.
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This report consists of a reproduction of a poster prepared
for the SIAM 1978 Fall Meeting. A more complete description of

our new algorithm is béing prepared for publication.

"

The poster contained a two-dimensional display of methods vs
data sets to facilitate comparison of the six methods on four sets
of data. This is simulated here by numbering the figures i.j. as

follows:

Data Sets:

i 1. LLL data set RPN 12*

is= LLL data set RPN 14*

Example 3 from Akima's paper (see page 5).

-
n

A nonmonotone example. These data are from S. Pruess,
"An Algorithm for Computing Smoothing Splines in Tension",
Computing 19 (1978), 365-373.

Methods:

i=1. Cubic Splines.

j =2.  3-Point Difference Formula.

Jj=3. E1lis-McLain Method.

Jj= 4. Akima Method.

j=5. Zero Derivatives.

j = 6. A new method by the authors that guarantees a monotone

interpolant when the data are monotone.

*Actual data from a radiochemical calculation.
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PIECEWISE CURIC INTERPOLANT
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| 2. |
o ) € CTl, 5 fad=yp, i=henN.

° ';wa dagmsz_s of fnzedom, gevxe,ro.\\5 used -to
S,pzc'\-ﬁs end po’mt -(:irs‘\: or Second derivative

volues.

o This version uses 2-pomt (non-cewtered)
difference formulas to approXimate emd derivatives.

¢ Tnterpolamts com hove _u.np\r'u;)stm\ wicyj\es.

(See Figures i.1)
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«di is the derivative ot % of the aouadro.fic. that
posses tkrouak (Kgmi 1Y)y (L YD (Lirt s Yiur) -

@ | . ’ .
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(See Figures i.2)
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e d: is the derivotive ot %, of the cubic that posses 'Hnmug\'\
(d"'")qt-\) ('x(: ) \j‘_) (1i1-| ) ‘M'H ) ON\C\ PWV‘A@S best (WQAS»\":QC])
o least sqguo.res £t +o (1;-:., Yoz ) ond (Kiyas Yira)

f min sb—: + 5 H'z,
| hi-a | »\H-\

¢ Resuwlts ore 3e.hexa-\hj c\ui‘lze similar
1t 2PD. %2

« Reference: T.M.R.Ellis omd D.H. ’
Mclain," Mlgorithm Si4, A New
Method of Co.b\c. Curve Fitting Using
Locol Doto-, ACM=TOMS 3 (1471), 175-118,

(See Figures 1.3)
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e d; is & convex combination of the slopes
of tha oA')ac.e,v\‘b data , darived by o 3¢ow\d=rtc.
o.rtﬁu.vv\emi::

a; '
ci; = bt

Aﬁ—l

b, ,

a;+bi a; +b;

where
6= | A -bi] 5, bi=|Bini-dial .

e Reference: H. Akima, “A New Method of Twker-
Pa\o:Hovx and Smooth Gurve Fi\:\:ivxg Bosed own
Local ?roc.u.\urcs': T. ACM 1T (1970), 589-60Z.
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(See Figures i.4)



Zero Derivatives

* The simplest possible dﬁori{:\nm is to just set dj=0, i=l,..,N. As
nobed in the rc:@crcv\a.s, this burns out to he piece wise wmonotone.

v * As the examples illustrote, this produces interpolants that are
c:l.'l:rc.ww\c.s ’unp\\\ﬁsica\”. Thus, while \oc,'mg vonotone where the
doto are woy be necessary, it is not sufficient to produce interpo-
lants that “lock aged ",

® References : (1) E. Passow, 'Piecewise Monctene Spline Iw\:t.rpo\cd:'ion;‘
T, ppprox. Theory 12 (1974), 240241,

(2) €. deBoor amd B. Swartz, "Piecewise Monctone Iww\aﬁ°'\)"
T. Approx. Theory 21 (19717), 4li—4le,

(See Figures 1.5)



Fritech-Carlson

Toward o piecewise monotone. interpolant
thot " looks 6006\“{

¢ Av= Ui -Yo) A, A= -, I B=o, F&O
Cavnot be monotone on Bl Ny ] umless d: =diy =0.
¢ Su.Ppose. N #0 omd let od=di/bi, B=din /A .
Then
o) = D _ A\ . .
o () _)::-’-_-\‘_(ot-r(s 2)(-%)> —@A+p-3) b (1-2)>

+ o )]+ Y

@/t = jfz Bu+p-2) @-% Y - 2 (244p-3 ), (-2




+ ot,k;z] ;

| &L"(i) = .i_%;_ [3 (o/-\-(%-—z)(x-q,;) - (24 '1'{3'3)"\&1'

* It 1 eosbdb.: show 'H«.a.’c & necessavy condition for

MOhdchici‘bﬁ OF\JC;'(‘)O on [, %+] is A2 0, @20.

® Because (1) is abua.c\ra'Hc., movotonicity of «;x)
IS c\ire_c\:\«j related 4o tha location of the extremum
of |

= 2w (2B
Frne G (D) e

ond 1t Vol ue. {:\M..Vz,: _
</ = $4,p) - B,

= N (2"‘ ‘\'/3—'3)2

PL\p) = of — L Errieant

* Thus, we can characterize the
MOno‘t‘ov\ki'\:\j properties of (=)
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® [et % be the region bounded 55 $E,\p) =0
amd Hhe coordinate oxes. This is the
set of monotone 'm‘\:z-rpc\d»“ﬁ on [, %],

*Let 3 be o subset of M with the property:
let WS WIF OL*ea, 0L @ <R, thn
(L, (5‘")6 3. Gi) B,V e B (Slﬁmmc:tﬂ_ap.
T we adust &,p) to lie inside 8 by decreasing
A omd/or B, (i) insures that we do not destroy

monotoni city W G adjace»’t interval.

* Reqions 3 we have comsidared :

of] bounded by w=3, pA=3, and flip)= Us.
'J;-z bounded by =3, A=3, and d+/$-_-.4.
’J3 Aéundcd ﬁy od+4 =3,

dy bounded by 2:4+8=3 and L+p3=>.

(/// Sounded below 55 ordinate axes.)



-t -

Su.gges{:ea Movxo‘l:on'\c.i"a.) Submﬁi&us J&i

4.5

4.0

T~

3.5

3.0

2.8

p= din/b;, —~

1.0

o.s

1.5 k

/5
N/
;

-,
/o«'
s

\4‘.
SO N\ s
. L A3 SN Al .
. i NEERY S N, .
NN RN
N . 7
AR N\ WSS :
m e u e w °
o - - o ~ "

3.8

‘-0

4.5



_Zl-

° A -Fo.wd\sﬁ of piecewise monotone. piecewise.‘

cubic ’\whc.rpc\a.ﬁov\ schewes :

Step L. Initialize d| 4o gome convex
combination of B, amd BA;. [For
these examples we use. 3PD.]

S‘:‘P 2‘- I‘G A; —o s&t d‘, =AL+|—O OM-A 30'{:0 n“t W'\'I:wa-l
Step 2b. If Bi#0, compute o and B

Step 3a. If d20, P20 amd (€S, 4o 4o next interval.

Step 3b. If d20, 20 and (*\(i)é,&, compute the largest T,
0<¢T< 1, such that ('Cd,'tp)e,g,_ Set dy=d;, dipii= Tdiy,.
[Here we use J3=.3;.]

Step 3¢. If k<o or p<o the dato ore nonmonotone. Possible procedures:
(o) heave di, dir, wnchanged amd oo to next intervol.
(b) Set di=di;=0. [This insures exact piecwise monotonicity.]
[ Procedure (@) wos used Sor these examples.]

(See Figures i.6)
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